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Abstract
We examine supersymmetry of four-dimensional asymptotically Anti-de Sit-
ter (AdS) dyonic black holes in the context of gauged N = 2 supergravity.
Our calculations concentrate on black holes with unusual topology and their
rotating generalizations, but we also reconsider the spherical rotating dyonic
Kerr-Newman-AdS black hole, whose supersymmetry properties have previ-
ously been investigated by Kostelecky´ and Perry within another approach. We
find that in the case of spherical, toroidal or cylindrical event horizon topol-
ogy, the black holes must rotate in order to preserve some supersymmetry;
the non-rotating supersymmetric configurations representing naked singular-
ities. However, we show that this is no more true for black holes whose event
horizons are Riemann surfaces of genus g > 1, where we find a nonrotating
extremal solitonic black hole carrying magnetic charge and permitting one
Killing spinor. For the nonrotating supersymmetric configurations of various
topologies, all Killing spinors are explicitely constructed.
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I. INTRODUCTION
Black holes in Anti-de Sitter space represent a subject of current interest, which, on the
one hand, is based on Maldacena’s conjecture of AdS/Conformal field theory-correspondence
[1], and, on the other hand, on the fact that AdS space admits black holes with unusual
topology [2–7]. These so-called topological black holes have some intriguing properties [8].
Among them are the uncommon behaviour of the luminosity, another version of the infor-
mation loss paradoxon due to the boundary conditions necessary in an asymptotically AdS
space, and a mass spectrum that seems to be difficult to reconcile with string theory. In
fact, the argument of Horowitz-Polchinski [9], which describes the transition from a highly
excited string state to a black hole, and provides a microscopic interpretation of black hole
entropy, does not seem to work for topological black holes, at least not in a naive manner
[8]. The reason for this is that the mass levels of a string in AdS space are M ≈ ℓ−1n for
large quantum numbers n [10], ℓ being related to the cosmological constant via Λ = −3/ℓ2.
This yields a black hole entropy proportional to n, whereas the string entropy goes with
√
n
(c. f. [8] for details). So it would seem that a string had not enough degrees of freedom to ac-
count for black hole entropy. However, the correspondence principle of Horowitz-Polchinski,
which has turned out to be very successful up to now, can not be rejected on the above,
rather naive arguments, for example there are other mass spectrum regimes for a string in
AdS (for ℓ/ls ≫ 1, where ls is the string length, the mass spectrum is like in flat space),
or there could be a transition from a configuration of D-branes to a black hole. In short,
it remains to see how exactly the argument of Horowitz-Polchinski works for topological
black holes, and it seems quite challenging to try to give a microscopic description of the
entropy of these objects within string theory, e. g. by using D-brane technology. A first step
in this enterprise is to find supersymmetric configurations, as for BPS states we know that
the degeneracy at weak string coupling constant gs does not change if one increases gs. A
natural candidate to address the issue of supersymmetry of topological AdS black holes is
N = 2 gauged supergravity [11,12]. In this theory, the rigid SO(2) symmetry, rotating the
2 independent Majorana supersymmetries present in the ungauged theory, is made local.
This requires a negative cosmological constant.
Supersymmetry of AdS black holes with spherical event horizons have been studied before
in the literature 1. Romans [14] showed that the Reissner-Nordstro¨m-AdS black hole is su-
persymmetric in two cases. The first one appears for qm = 0 and q
2
e = m
2; qm, qe and m
being the magnetic charge, electric charge and mass parameter, respectively. The second
one emerges for m = 0 and qm = ±ℓ/2 (we recall that Λ = −3/ℓ2 is the cosmological con-
stant). However, all these supersymmetric configurations represent naked singularities. The
situation is similar to the asymptotically flat Kerr-Newman black hole, which reaches the
extreme limit m2 = a2 + q2e (a denoting the rotation parameter) before the supersymmetry
condition m2 = q2e is satisfied [15].
As far as the spherical Kerr-Newman-AdS solution is concerned, it was shown by Kostelecky´
1For BPS black holes in five-dimensional N = 2 gauged supergravity coupled to vector supermul-
tiplets cf. [13].
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and Perry [16] that only for nonvanishing rotation parameter a it is possible to obtain su-
persymmetric extremal black holes. This means that in an AdS background, rotating black
holes are the analogue of the asymptotically flat extreme Reissner-Nordstro¨m solution. This
result was obtained by considering the Bogomol’nyi bound arising from the supersymmetry
algebra osp(4|2) of gauged N = 2 supergravity. It is given by m = √q2e + q2m(1 ± a/ℓ). In
the present paper we will show that in this equation the magnetic charge is required to be
zero, making thus the Kostelecky´-Perry result more precise. Besides, we will see that there
exists also a supersymmetric configuration with vanishing mass parameter, but nonvanishing
magnetic charge. This represents a naked singularity, and it was not obtained in [16].
The main purpose of our paper, however, is to study supersymmetry of black holes with
unusual topology, which has not been considered in the literature before. The rest of this
article is organized as follows:
In section II we give a short introduction into the geometry of four-dimensional topological
black holes and classify all known solutions.
In section III gauged N = 2, d = 4 supergravity is briefly reviewed.
In section IV we investigate supersymmetry of nonrotating black holes whose event horizons
are Riemann surfaces of genus g ≥ 1. The Killing spinors in the various cases are explicitely
constructed.
In section V we generalize our results to rotating black holes of various topologies.
Finally, our results are summarized and discussed in VI.
II. ANTI-DE SITTER BLACK HOLES
In this section, we shall review four-dimensional asymptotically AdS black holes, which
are solutions of the Einstein-Maxwell equations with negative cosmological constant. The
cosmological constant is sufficient to avoid a few classic theorems forbidding nonspherical
black holes [17,18]. As a result, beyond the well-known Kerr-Newman-AdS black hole, there
is a huge variety of black holes with unusual topology. We shall first show how topological
black holes arise in AdS space in the simple nonrotating case, then we shall consider the
rotating generalizations. Throughout the discussion, particular attention will be paid on the
extreme black holes. Although not explicitly stated in the following, all the metrics we shall
discuss are also solutions of N = 2 gauged supergravity, as will become clear in section III.
A. Nonrotating AdS Black Holes
We start from the class of metrics
ds2 = −V (r)dt2 + V −1(r)dr2 + r2dσ2, (1)
where dσ2 is the metric of a two-manifold S. The Einstein-Maxwell equations with negative
cosmological constant Λ = −3ℓ−2 require S to be a surface of constant curvature κ, and
V (r) = κ− 2η
r
+
z2
r2
+
r2
ℓ2
, z2 = q2e + q
2
m, (2)
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where qe and qm denote the electric and magnetic charge parameters respectively. It is useful
to define
η0(z) =
ℓ
3
√
6
(√
κ2 + 12z2ℓ−2 + 2κ
)(√
κ2 + 12z2ℓ−2 − κ
)1/2
. (3)
According to the sign of the curvature of S we obtain three cases:
1. κ = 1, dσ2 = dθ2 + sin2 θ dφ2 corresponds to the charged spherical AdS black hole if
η ≥ η0(z), to AdS space if η = z = 0 and otherwise to a naked singularity,
2. κ = 0, S flat, describes a flat charged black membrane in AdS when η ≥ η0(z) > 0. A
genuine black hole should have a compact orientable event horizon, hence we should
take some quotient of S. As a result, dσ2 = dx2 + 2Reτdxdy + |τ |2dy2, x, y ∈ [0, 1]
with 0 and 1 identified, and S is a torus with complex Teichmu¨ller parameter τ , and
the metric (1) describes a charged toroidal black hole. For η < η0(z), as well as for
η = z = 0, the spacetime has a naked singularity,
3. κ = −1, dσ2 = dθ2 + sinh2 θ dφ2, S is the hyperbolic plane H2, and when η ≥ η0(z)
we are again dealing with a charged black membrane in AdS. As is well known, H2
is the universal covering space for all Riemann surfaces of genus g > 1. Quotienting
S with a suitable discrete subgroup of its isometry group SO(2, 1), the metric (1) will
describe charged higher genus black holes. For η < η0(z) the spacetime has a naked
singularity.
The electromagnetic potential one-form is given by
A = −qe
r
dt + qm cos θdφ, A = −qe
r
dt + qm|Imτ |xdy, A = −qe
r
dt+ qm cosh θdφ, (4)
for the sphere, torus and higher genus case respectively.
The causal structure of these black holes has been studied in [19], and we refer to that paper
for the Penrose diagrams. In the three cases, for η > η0(z) > 0 the black hole has an outer
event horizon and an internal Cauchy horizon; the singularity is timelike, in analogy with
the Reissner-Nordstro¨m black hole. For z = 0, η > 0, the black hole has a simple event
horizon hiding a spacelike singularity, while for η = η0(z) > 0 the lapse function has a double
root, and the black hole is extreme. In addition, in the higher genus κ = −1 case, there
is an uncharged nonrotating extreme black hole for (η = −ℓ/3√3, z = 0), black holes with
inner and outer horizons for (−ℓ/3√3 < η < 0, z = 0) and a locally AdS black hole with a
single horizon for η = z = 0.
The computation of the mass of these black holes involves some subtleties, as a proper
choice of the reference background has to be done [7]; in the spherical and toroidal cases
the appropriate background is that obtained by putting η and the charges to zero, while
for higher genus black holes one has to take the uncharged extreme black hole with mass
parameter η0 = −ℓ/3
√
3 as background, to have the Arnowitt-Deser-Misner (ADM) mass as
a positive, concave function of the black hole’s temperature as defined by its surface gravity.
Taking this into account, one obtains
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M = η, M =
η|Imτ |
4π
, M = (η − η0)(g − 1), (5)
for the mass of the spherical, toroidal, and genus g > 1 black holes respectively.
The total electric charge in the various cases is
Qe = qe, Qe = qe|Imτ |, Qe = qe(g − 1), (6)
and the magnetic charge
Qm = qm, Qm = qm|Imτ |, Qm = qm(g − 1). (7)
For η = z = 0, the metric (1) is locally AdS; for κ = 1 we obtain AdS space, for κ = 0 a
quotient of AdS with a naked singularity, and finally, for κ = −1 we obtain a quotient of
AdS space with a black hole interpretation [2], a four-dimensional analogue of the Ban˜ados-
Teitelboim-Zanelli (BTZ) black hole [20].
The properties of these black holes have been extensively investigated in recent times. They
can form by gravitational collapse [3], they emit Hawking radiation [8], and a consistent
thermodynamics can be formulated for them: they respect the zeroth and first law, and
obey the entropy-area law [7,19].
B. Kerr-Newman-AdS Black Hole
This is the usual charged rotating black hole in AdS. Its horizon is diffeomorphic to a
sphere, and its metric, which is axisymmetric, reads in Boyer-Lindquist-type coordinates
ds2 = − ∆r
Ξ2ρ2
[
dt− a sin2 θ dφ]2 + ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 +
∆θ sin
2 θ
Ξ2ρ2
[
adt− (r2 + a2)dφ]2 , (8)
where
ρ2 = r2 + a2 cos2 θ, Ξ = 1− a
2
ℓ2
, (9)
∆r = (r
2 + a2)
(
1 +
r2
ℓ2
)
− 2mr + z2, ∆θ = 1− a
2
ℓ2
cos2 θ, (10)
a is the rotational parameter and z is defined by z2 = q2e + q
2
m, with qe and qm the electric
and magnetic charge parameter respectively. This metric solves the Einstein-Maxwell field
equations with an electromagnetic vector potential given by
A = − qer
Ξρ2
[
dt− a sin2 θdφ]− qm cos θ
Ξρ2
[
adt− (r2 + a2)dφ]
= − qer
ρ
√
∆r
e0 − qm cos θ
ρ
√
∆θ sin θ
e3, (11)
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where ea is the vierbein (see Appendix A1). The associated field strength tensor is
F = − 1
ρ4
[
qe(r
2 − a2 cos2 θ) + 2qmra cos θ
]
e0 ∧ e1
+
1
ρ4
[
qm(r
2 − a2 cos2 θ)− 2qera cos θ
]
e2 ∧ e3. (12)
Let us define the critical mass parameter mextr,
mextr(a, z) =
ℓ
3
√
6


√(
1 +
a2
ℓ2
)2
+
12
ℓ2
(a2 + z2) +
2a2
ℓ2
+ 2


×


√(
1 +
a2
ℓ2
)2
+
12
ℓ2
(a2 + z2)− a
2
ℓ2
− 1


1
2
. (13)
A study of the positive zeroes of the lapse function ∆r shows that the metric (8) describes a
naked singularity for m < mextr and a black hole with an outer event horizon and an inner
Cauchy horizon for m > mextr. Finally, for m = mextr, the lapse function has a double root
and (8) represents an extremal black hole.
Observing that ∂t and ∂φ are Killing vectors, one can use Komar integrals to define mass
and angular momentum of the Kerr-Newman-AdS black hole computed with respect to AdS
space. For the results, as well as for the electric and magnetic charges, we refer to [16].
C. Rotating Generalization of the Charged g > 1 Topological Black Holes
A rotating generalization of the topological black holes with genus g > 1 has been
obtained from the Kerr-AdS black hole by an analytical continuation [21]. Proceeding anal-
ogously from (8) (leaving in addition the charge z unaffected by the analytical continuation),
we easily obtain a charged generalization of the rotating topological black hole. The metric
is given by
ds2 = − ∆r
Ξ2ρ2
[
dt+ a sinh2 θ dφ
]2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 +
∆θ sinh
2 θ
Ξ2ρ2
[
adt− (r2 + a2)dφ]2 ,
(14)
where now
ρ2 = r2 + a2 cosh2 θ, Ξ = 1 +
a2
ℓ2
, (15)
∆r = (r
2 + a2)
(
−1 + r
2
ℓ2
)
− 2ηr + z2, ∆θ = 1 + a
2
ℓ2
cosh2 θ. (16)
Again, a is the rotational parameter and z is defined by z2 = q2e + q
2
m. The metric (14) is of
Petrov type D, obtained as a special case of the most general kown type D solution found
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by Plebanski and Demianski [27]. (14) solves the Einstein-Maxwell field equations with an
electromagnetic vector potential given by
A = − qer
Ξρ2
[
dt + a sinh2 θdφ
]− qm cosh θ
Ξρ2
[
adt− (r2 + a2)dφ]
= − qer
ρ
√
∆r
e0 − qm cosh θ
ρ
√
∆θ sinh θ
e3, (17)
and the associated field strength tensor is
F = − 1
ρ4
[
qe(r
2 − a2 cosh2 θ) + 2qmra cosh θ
]
e0 ∧ e1
− 1
ρ4
[
qm(r
2 − a2 cosh2 θ)− 2qera cosh θ
]
e2 ∧ e3. (18)
(For the vierbein ea cf. Appendix A2). The coordinates t and r range over R, while θ ∈ R+
and φ ∈ [0, 2π] (with endpoints identified) parametrize the sections of constant (t, r) in
polar coordinates. Hence, our solution describes a charged rotating black membrane in AdS
space.
The causal structure of these objects is very complicated and we are not interested in a
complete analysis (see [21] for the study of the causal structure in the uncharged case).
Also the thermodynamic behaviour of these black membranes remains an open question,
which will be discussed elsewhere.
D. Charged Rotating Cylindrical Black Hole
A rotating generalization of the toroidal black hole cannot be found by analytical contin-
uation or by similar tricks, but it can be obtained from the general Petrov type D solution,
by an appropriate choice of parameters [21]. Allowing in addition nonvanishing electromag-
netic charges, we obtain a rotating generalization of the charged toroidal black hole. The
metric is given by
ds2 = −∆r
ρ2
[
dt + aP 2dφ
]2
+
ρ2
∆r
dr2 +
ρ2
∆P
dP 2 +
∆P
ρ2
[
adt− r2dφ]2 , (19)
where
ρ2 = r2 + a2P 2, (20)
∆r = a
2 + z2 − 2ηr + r
4
ℓ2
, ∆P = 1 +
a2
ℓ2
P 4. (21)
As usual, a is the rotational parameter and z is defined by z2 = q2e + q
2
m. This metric is
a solution of the Einstein-Maxwell field equations with an electromagnetic vector potential
given by
7
A = −qer
ρ2
[
dt+ aP 2dφ
]− qmP
ρ2
[
adt− r2dφ]
= − qer
ρ
√
∆r
e0 − qmP
ρ
√
∆P
e3, (22)
and a field strength tensor
F = − 1
ρ4
[
qe(r
2 − a2P 2) + 2qmraP
]
e0 ∧ e1
− 1
ρ4
[
qm(r
2 − a2P 2)− 2qeraP
]
e2 ∧ e3, (23)
where the vierbein ea is given in appendix A3.
For a given rotational parameter a and charge parameter z we define the critical mass
parameter
ηextr(a, z) =
2
33/4ℓ1/2
(
a2 + z2
)3/4
. (24)
If η < ηextr, ∆r has no positive root and the metric (19) describes a naked singularity. For
η = ηextr, there is a double root in ∆r and we obtain an extremal black hole with a timelike
singularity. Finally, for η > ηextr and a
2 + z2 6= 0, ∆r has two positive simple roots, and the
metric (19) describes a black hole with an event horizon and an inner Cauchy horizon. The
Penrose diagrams can be found in [21], substituting a2 with a2 + z2.
Now, if an horizon is present, it is not compact. The ranges of the coordinates are t, P ∈ R,
r ∈ R+ and φ ∈ [0, 2π] with the extrema identified. Hence the black hole has a cylindrical
event horizon. For a = 0, we can naturally compactify also the coordinate P (∂P becomes
a Killing vector in this case), whereupon (19) reduces to the static toroidal black hole
spacetime (1) with κ = 0.
III. N = 2 GAUGED SUPERGRAVITY
The gauged version of N = 2 supergravity was found by Das and Freedman [11] and
by Fradkin and Vasiliev [12]. In this theory, the rigid SO(2) symmetry rotating the two
independent Majorana supersymmetries present in the ungauged theory, is made local by
introduction of a minimal gauge coupling between the photons and the gravitini. Local
supersymmetry then requires a negative cosmological constant and a gravitini mass term.
The theory has four bosonic and four fermionic degrees of freedom; it describes a graviton
eam, two real gravitini ψ
i
m (i = 1, 2), and a Maxwell gauge field Am. As we said, the latter is
minimally coupled to the gravitini, with coupling constant ℓ−1. If we combine the two ψim
to a single complex spinor ψm = ψ
1
m + iψ
2
m, the Lagrangian reads (cf. also [14])
2
2Throughout this paper, the notation is as follows: a, b, . . . refer to d = 4 tangent space indices, and
m,n, . . . refer to d = 4 world indices. The signature is (−,+,+,+), and we use the real (Majorana)
representation of the gamma matrices γa (cf. appendix B). They satisfy {γa, γb} = 2ηab. We
antisymmetrize with unit weight, i. e. γab ≡ γ[aγ b] ≡ 12 [γa, γb] etc. The parity matrix is γ5 = γ0123.
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e−1L = −1
4
R +
1
2
ψ¯mγ
mnpDnψp +
1
4
FmnF
mn +
i
8
(Fmn + Fˆmn)ψ¯pγ[mγ
pqγn]ψq
− 1
2ℓ
ψ¯mγ
mnψn − 3
2ℓ2
. (25)
We see that the cosmological constant is Λ = −3ℓ−2. Dm denotes the gauge- and Lorentz
covariant derivative defined by
Dm = ∇m − iℓ−1Am, (26)
where ∇m is the Lorentz-covariant derivative
∇m = ∂m + 1
4
ω abm γab. (27)
The equation of motion for the spin connection ω abm reads
ωmab = Ωmab − Ωmba − Ωabm, (28)
where
Ω amn ≡ ∂[m e an] −
1
2
Re(ψ¯mγ
aψn). (29)
Fˆmn denotes the supercovariant field strenght given by
Fˆmn = Fmn − Im(ψ¯mψn). (30)
The action is invariant under the local supertransformations
δeam = Re(ǫ¯γ
aψm),
δAm = Im(ǫ¯ψm), (31)
δψm = ∇ˆmǫ.
In (31) ǫ is an infinitesimal Dirac spinor, and ∇ˆm is the supercovariant derivative defined by
∇ˆm = Dm + 1
2ℓ
γm +
i
4
Fˆabγ
abγm. (32)
The supersymmetry algebra of gauged N = 2 supergravity is osp(4|2). It has the ten bosonic
generators Mab,Ma4 (a = 0, 1, 2, 3) of the AdS subalgebra so(3, 2), two fermionic generators
Qiα (i = 1, 2), plus one additional bosonic generator of SO(2) transformations, rotating the
two supersymmetries into each other. The basic anticommutator is
{Qiα, Qjβ} = δij
(
(γaMa4 + iγ
abMab)C
)
αβ
+ i(CαβQe + i(Cγ
5)αβQm)ǫ
ij . (33)
Here C denotes the charge conjugation matrix, Qe and Qm are central charges, and ǫ
ij is
the permutation symbol in two dimensions.
Let us now return to the lagrangian (25). As we are interested in the bosonic sector, we set
ψm = 0. The field equations following from (25) are then the Einstein-Maxwell equations
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with negative cosmological constant, thus the black hole spacetimes discussed in the previous
section represent possible background solutions of gauged N = 2 supergravity. Invariance
of these background solutions under the supertransformations (31) yields the equation for
Killing spinors
∇ˆmǫ = 0. (34)
The integrability conditions for (34) read
Rˆmnǫ = 0, (35)
where
Rˆmn =
[
∇ˆm, ∇ˆn
]
(36)
is the supercurvature. (35) is necessary, but not sufficient for the existence of Killing spinors.
It assures that they exist locally, but globally there may exist no Killing spinor due to
topological reasons. In the following sections, we shall solve (34) and (35) for the black hole
spacetimes introduced in II.
IV. SUPERSYMMETRY OF STATIC TOPOLOGICAL BLACK HOLES
A. Integrability Conditions
Let us first consider the static black hole spacetimes (1), whose event horizons are Rie-
mann surfaces of genus g ≥ 1. Setting a = 0 in the spin connections given in the appendices
A 3 and A2, one finds the supercovariant derivatives
∇ˆt = ∂t − i
ℓ
qe
r
+
1
2ℓ
√
V (r)γ0 +
i
4
Fabγ
ab
√
V (r)γ0 +
1
2r
(
η
r
− z
2
r2
+
r2
ℓ2
)
γ01,
∇ˆr = ∂r + 1
2ℓ
√
V (r)
−1
γ1 +
i
4
Fabγ
ab
√
V (r)
−1
γ1,
∇ˆx = ∂x − 1
2
√
V (r)γ12 +
1
2ℓ
rγ2 +
i
4
rFabγ
abγ2,
∇ˆy = ∂y − 1
2
√
V (r)γ13 − i
ℓ
qmx+
1
2ℓ
rγ3 +
i
4
rFabγ
abγ3 (37)
for toroidal topology (we consider here only the case τ = i, τ denoting the Teichmu¨ller
parameter introduced in section II), and
∇ˆt = ∂t − i
ℓ
qe
r
+
1
2ℓ
√
V (r)γ0 +
i
4
Fabγ
ab
√
V (r)γ0 +
1
2r
(
η
r
− z
2
r2
+
r2
ℓ2
)
γ01,
∇ˆr = ∂r + 1
2ℓ
√
V (r)
−1
γ1 +
i
4
Fabγ
ab
√
V (r)
−1
γ1,
∇ˆθ = ∂θ − 1
2
√
V (r)γ12 +
1
2ℓ
rγ2 +
i
4
rFabγ
abγ2, (38)
∇ˆφ = ∂φ − 1
2
√
V (r)γ13 sinh θ − 1
2
γ23 cosh θ − i
ℓ
qm cosh θ +
1
2ℓ
rγ3 sinh θ +
i
4
rFabγ
abγ3 sinh θ
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for the higher genus (g > 1) case. We recall that V (r) is given by
V (r) = δg,1 − 1− 2η
r
+
r2
ℓ2
+
z2
r2
. (39)
One verifies that the supercurvature (36), like in the Reissner-Nordstro¨m-AdS case studied
by Romans [14], can be written as a product
Rˆmn = PGmn(r)O, (40)
where Gmn(r) is γmn times some scalar-valued function of r,
P ≡ r
2
2z
iFabγ
abγ1 (41)
is an idempotent (and hence non-singular) operator, and O is given by
O =
√
V (r) +
r
ℓ
γ1 +
(z
r
− η
z
)
P. (42)
As Gmn(r) and P are non-singular for z 6= 0 (the case z = 0 has to be considered separately),
the integrability conditions for Killing spinors are equivalent to the vanishing of detO. We
obtain for the determinant
detO =
{
δg,1 − 1− 2qm
ℓ
− (η
2 − 2qmηrℓ−1)
z2
}{
δg,1 − 1 + 2qm
ℓ
− (η
2 + 2qmηrℓ
−1)
z2
}
. (43)
detO is a function of r, and for supersymmetric configurations, this function must vanish
identically. For genus g = 1, this is fulfilled in two cases. The first one appears for
qm = 0 = η, ⇒ V (r) = r
2
ℓ2
+
q2e
r2
, (44)
and the second one for
η = 0 ∧ ℓ =∞ (Λ = 0) ⇒ V (r) = z
2
r2
. (45)
We observe that the lapse function is always positive in these cases, i. e. the correspond-
ing spacetimes represent naked singularities. This result is very similar to the Reissner-
Nordstro¨m-AdS black hole considered in [14], where the supersymmetric configurations are
also naked singularities.
For genus g > 1, (43) vanishes only for η = 0 and qm = ±ℓ/2. This yields
V (r) =
(
r
ℓ
− ℓ
2r
)2
+
q2e
r2
. (46)
For vanishing electric charge, spacetime (1), with V (r) given by (46), describes an extremal
black hole. Thus, unlike the case of spherical or toroidal event horizons, now we can hope
to get a supersymmetric static extremal black hole. Clearly, this is not obvious, because
it could be possible that the Killing spinors (which exist locally, as (35) is satisfied), are
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not compatible with the identifications which have to be carried out to get a compact event
horizon. We shall see below, when we will construct explicitely the Killing spinors, that they
depend only on the radial coordinate r, and consequently they do respect the identifications
performed in the (θ, φ)-sector.
The extremal black hole found above is a solitonic object in the sense that the limit ℓ−1 → 0
(we recall that ℓ−1 is the coupling constant of the gauged theory, coupling the photon to the
gravitini), does not exist.
For genus g > 1, there is still another case in which the integrability conditions (35) are
fulfilled, namely for η = 0 = qm = qe. The spacetime is then a quotient space of AdS, and
therefore locally admits Killing spinors. However, we will see that they do not exist globally,
as the above mentioned identifications are not respected. Thus the corresponding black hole
is not supersymmetric.
B. Killing Spinors
We now turn to the issue of solving the Killing spinor equation (34) explicitely for the
diverse cases found above.
1. Genus g = 1, V (r) = r
2
ℓ2 +
q2
e
r2
The spacetime describes an electrically charged naked singularity with topology R2 ×
S1×S1, and is asymptotically AdS. Using the integrability condition Oǫ = 0, (34) simplifies
in this case to
∇ˆrǫ =
(
∂r +
1
2ℓ
√
V (r)
−1
γ1 − iqe
2r2
√
V (r)
−1
γ0
)
ǫ = 0,
∇ˆtǫ = ∂tǫ = 0,
∇ˆxǫ = ∂xǫ = 0,
∇ˆyǫ = ∂yǫ = 0. (47)
The Killing spinors thus depend only on r. One verifies that
Q ≡ 1
2
√
V (r)
O = 1
2
(
1 +
r
ℓ
√
V (r)
γ1 +
qe
r
√
V (r)
γ0
)
(48)
is a projection operator. In the appendix of [14] one finds the solution of the spinorial
differential equation
∂rǫ(r) = (a(r) + b(r)Γ1 + c(r)Γ2)ǫ(r), (49)
where
(Γ1)
2 = (Γ2)
2 = 1, {Γ1,Γ2} = 0, (50)
and ǫ(r) obeying the constraint
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Qǫ = 0, (51)
with a projector Q given by
Q = 1
2
(1 + ξ(r)Γ1 + ζ(r)Γ2), (52)
and
ξ2 + ζ2 = 1, ζ 6= 0. (53)
In our case, this solution reads
ǫ(r) =
(√√
V (r) +
r
ℓ
+ i
√√
V (r)− r
ℓ
γ0
)
P (−γ1)ǫ0, (54)
where ǫ0 is a constant spinor, and
P (−γ1) ≡ 1
2
(1− γ1) (55)
is another projection operator, which reduces the complex dimension of the space of Killing
spinors from four to two. If the electric charge also vanishes, the spacetime is simply a
quotient of AdS, representing the background (zero Hawking temperature) of uncharged
toroidal black holes. Then the operators P (41) and O (42) are ill-defined, so we must
consider this case separately. It is clear that locally as many Killing spinors as in AdS exist
(four complex-dimensional solution space), but we find that the only ones respecting the
identifications one carries out to compactify the (x, y)-sector to a torus, are those resulting
from (54) by setting qe = 0, i. e.
ǫ(r) =
√
rP (−γ1)ǫ0, (56)
so we have again a two complex-dimensional space of Killing spinors.
2. Genus g = 1, V (r) = z
2
r2
This space is not asymptotically AdS and represents a dyonic naked singularity with
topology R2 × S1 × S1. For completeness we give the Killing spinors also for this case.
Making use of Oǫ = 0, (34) reduces to
∇ˆrǫ =
(
∂r +
1
2r
)
ǫ = 0,
∇ˆtǫ = ∂tǫ = 0,
∇ˆxǫ = ∂xǫ = 0,
∇ˆyǫ = ∂yǫ = 0. (57)
Taking into account the constraint Oǫ = 0, one obtains the solution
ǫ(r) = r−1/2P (−iγ0 qe
z
+ iγ123
qm
z
)ǫ0. (58)
Again, a projection operator
P (−iγ0 qe
z
+ iγ123
qm
z
) ≡ 1
2
(1− iγ0 qe
z
+ iγ123
qm
z
) (59)
acts on ǫ0, reducing the dimension of the solution space from four to two.
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3. Genus g > 1, V (r) =
(
r
ℓ − ℓ2r
)2
+ q
2
e
r2
We now focus our attention on the case of spacetime topology R2 × Sg, Sg being a Rie-
mann surface of genus g > 1. The mass parameter η is zero, and the magnetic charge qm
equals ±ℓ/2. We shall consider only qm = +ℓ/2, the other sign giving identical results. For
nonvanishing electric charge, we have a dyonic naked singularity; for qe = 0, however, we
get an extremal magnetically charged black hole (a magnetic monopole hidden by an event
horizon having the topology of a Riemann surface).
In this case the operator O is not proportional to a projector, but rather is a linear combi-
nation of two projection operators P (−iγ23) ≡ (1− iγ23)/2 3 and
Q ≡ 1
2
+
1
2
√
V (r)
{(
r
ℓ
− ℓ
2r
)
γ1 + iγ0
qe
r
}
. (60)
We find
O = 2
√
V (r)Q+ ℓ
r
γ1P (−iγ23) (61)
and
− 1
2
[√
V (r)− r
ℓ
γ1 − 1
r
(iγ0qe − ℓ
2
iγ123)
]
O = P (−iγ23), (62)
ℓ
4
√
V (r)r
γ1
[√
V (r) +
r
ℓ
γ1 − 1
r
(iγ0qe − ℓ
2
iγ123)
]
O = Q, (63)
[Q, P (−iγ23)] = 0. (64)
The integrability condition Oǫ = 0 is thus equivalent to the two conditions
P (−iγ23)ǫ = 0, Qǫ = 0. (65)
The Killing spinor equations then simplify to
∇ˆrǫ =
(
∂r +
1
2r
+
1
ℓ
√
V (r)
γ1
)
ǫ = 0,
∇ˆtǫ = ∂tǫ = 0,
∇ˆθǫ = ∂θǫ = 0,
∇ˆφǫ = ∂φǫ = 0. (66)
The solution of the radial equation can again be constructed using the appendix of [14],
yielding
3from now on, with P (L), where L is an operator, we always intend (1 + L)/2.
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ǫ(r) =
(√√
V (r) +
r
ℓ
− ℓ
2r
−
√√
V (r)− r
ℓ
+
ℓ
2r
iγ0
)
P (−γ1)P (iγ23)ǫ0. (67)
Now the constant spinor ǫ0 is subject to a double projection, so the solution space is one
(complex)-dimensional. The Killing spinor does not depend on the coordinates θ, φ, thus it
respects the identifications we have done in the (θ, φ)-sector to obtain a Riemann surface.
Hence, for zero electric charge, we have obtained a supersymmetric extremal static black
hole. This was not possible for spherical event horizons, i. e. for the Reissner-Nordstro¨m-
AdS black hole, where all supersymmetric configurations were naked singularities [14]. So
we see that admitting other spacetime topologies changes the supersymmetry properties.
According to (5) and (7), the mass and the magnetic charge of the supersymmetric higher
genus black holes considered above, are given by M = ℓ(g − 1)/3√3 and Qm = ℓ(g − 1)/2,
i. e. we have
M2 =
4
27
Q2m (68)
as Bogomol’nyi bound. This bound supports the view advocated in [7], namely that the
mass of the higher genus black holes is not simply given by the parameter η appearing
in (2), but rather by (5), i. e. the background which has to be subtracted in the mass
calculation, is not simply the one with η = 0. Note that in [7], this conclusion emerges from
thermodynamical considerations, and has nothing to do with supersymmetry. We found
here that also supersymmetry as an independent argument supports this point of view.
4. Genus g > 1, V (r) = −1 + r2
ℓ2
This is a quotient space of AdS describing an uncharged black hole. Without identifi-
cations in the (θ, φ)-sector the spacetime is simply AdS viewed by a uniformely accelerated
observer, the (noncompact) horizon being its acceleration horizon [7]. Only the compactifi-
cation of the surfaces of constant r and t makes the spacetime to become a black hole, with
the singularity at r = 0 being a causal one, i. e. the manifold cannot be continued beyond
this singularity, otherwise one would have closed timelike curves [2]. It is clear that locally
this spacetime admits as many Killing spinors as AdS, but we have to check if they respect
the identifications. The Killing spinor equations read
∇ˆrǫ =
(
∂r +
1
2ℓ
√
V (r)
γ1
)
ǫ = 0,
∇ˆtǫ =
(
∂t +
r
2ℓ2
γ01 +
1
2ℓ
√
V (r)γ0
)
ǫ = 0,
∇ˆθǫ =
(
∂θ +
r
2ℓ
γ2 − 1
2
√
V (r)γ12
)
ǫ = 0,
∇ˆφǫ =
(
∂φ +
1
2
γ3(
r
ℓ
+
√
V (r)γ1) sinh θ − 1
2
γ23 cosh θ
)
ǫ = 0. (69)
The solution is
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ǫ(r, t, θ, φ) =
(
√
r
ℓ
+ 1−
√
r
ℓ
− 1γ1)(cosh t
2ℓ
− γ01 sinh t
2ℓ
)(cosh
θ
2
− γ2 sinh θ
2
)(cos
φ
2
+ γ23 sin
φ
2
)ǫ0. (70)
As an explicit φ-dependence appears, the Killing spinors are not invariant under the trans-
formations of the discrete group used in the identifications, and the black hole is not super-
symmetric. Clearly this was to be expected, as a supersymmetric black hole necessarily must
have zero temperature (note, however, that the converse is not true in general), whereas the
hole considered above has nonvanishing Hawking temperature T = 1/2πℓ.
Note that the minimal coupling of the photon and the gravitini in the action of gauged
N = 2 supergravity gives rise to a Dirac quantization of the magnetic charge. In the spheri-
cal static case, this condition is automatically fulfilled for the supersymmetric solutions [14].
Finding the Dirac quantization condition in presence of unusual topologies, as is partially
the case here, is a nontrivial task, which involves U(1)-bundles over Riemann surfaces of
genus g ≥ 1. We will discuss this problem in a forthcoming publication.
V. SUPERSYMMETRY OF ROTATING ADS BLACK HOLES
Now we turn to the rotating generalizations of the static black holes considered above. As
the metrics are rather complicated, the investigation of supersymmetry properties of these
spacetimes is a quite formidable task. However, as we shall see below, it is still possible to
solve explicitely the integrability conditions, yielding some interesting results.
A. Cylindrical Event Horizons
Let us first consider the black hole spacetime (19). The supercovariant derivatives read
∇ˆt = ∂t + 1
2
ω 01t γ01 +
1
2
ω 23t γ23 + i
qer + qmPa
ℓρ2
+
(
1
2ℓρ
+
i
4ρ
Fabγ
ab
)
(
√
∆rγ0 +
√
∆Paγ3),
∇ˆr = ∂r + 1
2
ω 12r γ12 +
1
2
ω 03r γ03 +
ρ
2ℓ
√
∆r
γ1 +
iρ
4
√
∆r
Fabγ
abγ1,
∇ˆP = ∂P + 1
2
ω 12P γ12 +
1
2
ω 03P γ03 +
ρ
2ℓ
√
∆P
γ2 +
iρ
4
√
∆P
Fabγ
abγ2,
∇ˆφ = ∂φ + 1
2
ω 01φ γ01 +
1
2
ω 23φ γ23 +
1
2
ω 02φ γ02 +
1
2
ω 13φ γ13 + i
qeraP
2 − qmPr2
ℓρ2
+
(
1
2ℓρ
+
i
4ρ
Fabγ
ab
)
(
√
∆raP
2γ0 −
√
∆P r
2γ3), (71)
with the electromagnetic field Fab (23), and the spin connection ω
ab
m given in appendix A3.
Similarly to the nonrotating case, we find for the supercurvature
Rˆmn = PGmn(r, P )O, (72)
with the idempotent operator P now given by
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P ≡ ρ
2
2z
iFabγ
abγ1, (73)
and
O = 1
ρ2
{
−
√
∆P raγ03 −
√
∆rPaγ0123 +
√
∆rr +
√
∆Pa
2Pγ12
}
+
ρ
ℓ
γ1
+
1
ρ3
{
−aP
[η
z
(3r2 − a2P 2)− 2rz
]
γ0123 +
[ηr
z
(r2 − 3a2P 2) + z(a2P 2 − r2)
]}
P. (74)
P and Gmn(r, P ) are in general nonsingular, so the integrability condition is again detO = 0.
The determinant reads
detO = 1
ℓ2z4
[
(ℓ2η4 − 4z4(q2m + a2)) + 8q2mz2ηr − 4q2mη2r2
+8aηqmqez
2P + 4a2q2mη
2P 2 − 8aη2qmqePr
]
. (75)
For z 6= 0 (which we presupposed, as otherwise P is ill-defined), the requirement that detO
be vanishing identically as a function of r and P , yields the conditions
qmη = 0,
ℓ2η4 = 4z4(q2m + a
2). (76)
The case η = 0 is not of particular interest for us, as it does not represent a black hole
spacetime. Therefore we will assume η > 0, from which follows qm = 0 and
η2 =
2a
ℓ
q2e (77)
for supersymmetric configurations. We observe that for a = 0, (77) reduces correctly to
(44), i. e. η = 0. We do not construct the Killing spinors explicitely for the rotating
case. However, we have seen that for a = 0 there is a two-dimensional solution space of
Killing spinors depending only on the radial coordinate r (cf. (54)), and we expect a similar
behaviour also for the rotating black holes, especially we expect the Killing spinors not to
depend on the angular coordinate φ, and hence to respect the identification φ ∼ φ + 2π,
leading to cylindrical topology.
(77) can be compared with the extremality condition
a2 + q2e =
3η4/3ℓ2/3
24/3
. (78)
Combining this with (77), we obtain the relation
a2 + q2e =
3
22/3
q4/3e a
2/3. (79)
This is a homogenous equation, the solutions are therefore on straight lines q2e = β
2a2,
with β > 0. Inserting this into (79), one determines β = 2. Using the supersymmetry
condition (77) finally yields that extremal supersymmetric rotating cylindrical black holes
are parametrized by
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|qe| = ℓ
1/3η2/3
21/6
,
a =
|qe|√
2
=
ℓ1/3η2/3
22/3
. (80)
We have obtained an interesting result: In order to get extremal supersymmetric black
holes with cylindrical event horizon topology, we must allow the holes to carry angular
momentum, for in the static case all the supersymmetric configurations are naked singular-
ities. This behaviour is similar to that of the spherical Reissner-Nordstro¨m-AdS solution,
for which Kostelecky´ and Perry showed by considering the Bogomol’nyi bound arising from
the supersymmetry algebra, that solitonic black holes must be rotating [16].
B. Generalization of the Higher Genus Case
We turn now to the rotating generalizations (14) of the higher genus black hole space-
times, i. e. to the rotating charged black membranes in AdS space. For the supercovariant
derivatives, one gets
∇ˆt = ∂t + 1
2
ωt
01γ01 +
1
2
ωt
23γ23 + i
qer + qma cosh θ
ℓΞρ2
+
(
1
2ℓΞρ
+
i
4Ξρ
Fabγ
ab
)
(
√
∆rγ0 +
√
∆θa sinh θγ3),
∇ˆr = ∂r + 1
2
ωr
03γ03 +
1
2
ωr
12γ12 +
ρ
2ℓ
√
∆r
γ1 +
iρ
4
√
∆r
Fabγ
abγ1,
∇ˆθ = ∂θ + 1
2
ωθ
03γ03 +
1
2
ωθ
12γ12 +
ρ
2ℓ
√
∆θ
γ2 +
iρ
4
√
∆θ
Fabγ
abγ2,
∇ˆφ = ∂φ + 1
2
ω 01φ γ01 +
1
2
ω 02φ γ02 +
1
2
ω 13φ γ13 +
1
2
ω 23φ γ23 + i
qera sinh
2 θ − qm(r2 + a2) cosh θ
ℓΞρ2
+
sinh θ
2Ξρ
(
1
ℓ
+
i
2
Fabγ
ab
)
(
√
∆ra sinh θγ0 −
√
∆θ(r
2 + a2)γ3), (81)
with the electromagnetic field Fab given by Eq. (18), and the spin connection ω
ab
m given in
appendix A2. Analogously to the previous cases, we find for the supercurvature
Rˆmn = PGmn(r, θ)O, (82)
with the idempotent operator P again given by Eq. (73), and
O = 1
ρ2
{
−
√
∆θra sinh θγ03 −
√
∆ra cosh θγ0123 +
√
∆rr +
√
∆θa
2 sinh θ cosh θγ12
}
+
ρ
ℓ
γ1
+
1
ρ3
{
−a cosh θ
[η
z
(3r2 − a2 cosh2 θ)− 2rz
]
γ0123
+
[ηr
z
(r2 − 3a2 cosh2 θ) + z(a2 cosh2 θ − r2)
]}
P. (83)
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Still P and Gmn(r, P ) are in general nonsingular, so the integrability condition is again
detO = 0. The determinant reads
detO = 1
ℓ4z4
[
((a2 + ℓ2)2 − 4q2mℓ2)z4 + 2ℓ2(ℓ2 − a2)η2z2 + ℓ4η4 + 4ℓ2ηq2mr(2z2 − ηr)
+8aℓ2ηqeqm(z
2 − ηr) cosh θ + 4a2ℓ2η2q2m cosh2 θ
]
. (84)
We assume z 6= 0 in order that P being well-defined. Then the requirement that detO be
vanishing identically as a function of r and θ, yields the conditions
qmη = 0,
η4 + 2
(
1− a
2
ℓ2
)
η2z2 +
((
1 +
a2
ℓ2
)2
− 4q
2
m
ℓ2
)
z4 = 0. (85)
The case qm = 0 admits no solution, hence supersymmetry requires η = 0, from which it
follows that
q2m =
ℓ2
4
(
1 +
a2
ℓ2
)2
(86)
for supersymmetric configurations. This yields
∆r =
[
r2
ℓ
− ℓ
2
(
1− a
2
ℓ2
)]2
+ q2e , (87)
which is a strictly positive function for q2e > 0 and has a positive double root for vanishing
electric charge and a < ℓ. As long as there is an electric charge, these supersymmetric
solutions represent a naked singularity. For qe = 0 and a < ℓ, however, we obtain a super-
symmetric, magnetically charged, rotating, extremal black membrane, that has a solitonic
interpretation. We observe that for a = 0, (86) reduces correctly to the result (46), and
we have generalized this solution to a one-parameter family of extremal supersymmetric
solutions.
In conclusion, we have shown that there exists also a rotating generalization of the extremal
supersymmetric magnetic black hole found in section IV. Besides, we saw that supersymme-
try requires η = 0, and that in order to get supersymmetric black objects, also the electric
charge must vanish. It is interesting to compare this with the cylindrical topology considered
in the previous subsection, where the magnetic charge was required to be zero.
C. Revisitation of the Kerr-Newman-AdS Black Hole
Now, we turn back to the Kerr-Newmann-AdS black hole (8), that has already been
treated by Kostelecky´ and Perry [16], analyzing the Bogomol’nyi bound arising from the
superalgebra. We shall reconsider the problem by solving the integrability condition, and
show that the supersymmetry conditions are more restrictive than those found in [16]. The
supercovariant derivatives read
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∇ˆt = ∂t + 1
2
ωt
01γ01 +
1
2
ωt
23γ23 + i
qer + qma cos θ
ℓΞρ2
+
(
1
2ℓΞρ
+
i
4Ξρ
Fabγ
ab
)
(
√
∆rγ0 +
√
∆θa sin θγ3),
∇ˆr = ∂r + 1
2
ωr
03γ03 +
1
2
ωr
12γ12 +
ρ
2ℓ
√
∆r
γ1 +
iρ
4
√
∆r
Fabγ
abγ1,
∇ˆθ = ∂θ + 1
2
ωθ
03γ03 +
1
2
ωθ
12γ12 +
ρ
2ℓ
√
∆θ
γ2 +
iρ
4
√
∆θ
Fabγ
abγ2,
∇ˆφ = ∂φ + 1
2
ω 01φ γ01 +
1
2
ω 02φ γ02 +
1
2
ω 13φ γ13 +
1
2
ω 23φ γ23 − i
qera sin
2 θ + qm(r
2 + a2) cos θ
ℓΞρ2
−sin θ
2Ξρ
(
1
ℓ
+
i
2
Fabγ
ab
)
(
√
∆ra sin θγ0 +
√
∆θ(r
2 + a2)γ3), (88)
with the electromagnetic field Fab given by Eq. (12), and the spin connection ω
ab
m given in
appendix A1. Again, we find for the supercurvature
Rˆmn = PGmn(r, θ)O, (89)
where, as usual, the idempotent operator P is defined by (73), and
O = 1
ρ2
{√
∆θra sin θγ03 −
√
∆ra cos θγ0123 +
√
∆rr −
√
∆θa
2 sin θ cos θγ12
}
− ρ
ℓ
γ1
+
1
ρ3
{
−a cos θ
[η
z
(3r2 − a2 cos2 θ)− 2rz
]
γ0123
+
[ηr
z
(r2 − 3a2 cos2 θ) + z(a2 cos2 θ − r2)
]}
P. (90)
P and Gmn(r, θ) are in general nonsingular, so the integrability condition is again detO = 0.
The determinant reads
detO = 1
ℓ4z4
[
((ℓ2 − a2)2 − 4q2mℓ2)z4 − 2ℓ2(ℓ2 + a2)m2z2 + ℓ4m4 + 4ℓ2mq2mr(2z2 −mr)
+8aℓ2mqeqm(z
2 −mr) cos θ + 4a2ℓ2m2q2m cos2 θ
]
. (91)
For z 6= 0 (which we still assume, as otherwise P is ill-defined), the requirement that detO
be vanishing identically as a function of r and θ, yields the conditions
mqm = 0,
m4 − 2
(
1 +
a2
ℓ2
)
m2z2 +
((
1− a
2
ℓ2
)2
− 4q
2
m
ℓ2
)
z4 = 0. (92)
To solve the integrability conditions, we have to put either qm or m to zero. In the first case,
qm = 0, and the second condition of (92) yields
m2 =
(
1± a
ℓ
)2
q2e , (93)
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and we have electrically charged possibly supersymmetric configurations. In the limit case
a = 0 we recover the usual condition m2 = q2e .
Now one may wonder why the constraint (93) on the electric charge cannot be rotated into a
similar constraint on the magnetic charge or a combination of the two by an electromagnetic
duality transformation. This is a legitimate question, since dualities of this kind normally
are also valid in supergravity theories [22] (see also [23] for a recent review), where a typical
duality transformation is of the form
δFˆmn =
1
2
ie−1λ(∗Fˆ )mn. (94)
Here λ is a real parameter and Fˆmn denotes the supercovariant field strength (30), involving
also fermion fields in addition to Fmn. (In general, also the fermions have to be transformed,
cf. [22]). In fact, the Bogomol’nyi bound arising in ungauged supergravities usually involves
electric and magnetic charges in a duality invariant way. Now it is clear that invariances of
the kind (94) can hold only if the vector fields interact only through the field strength Fmn
with the spinors of the theory, like it is the case e. g. in the trilinear coupling of the fourth
term on the right-hand side of (25). However, if one introduces a minimal coupling of the
vector fields to the fermions by the gauge potential Am like in (26), electromagnetic duality
invariance is broken, which means that gauged supergravity theories cannot have the usual
duality symmetries present in the ungauged theories. Therefore one should not be surprised
if the supersymmetry conditions found above break this invariance, and treat electric and
magnetic charges in a different way. In our case the bosonic sector of (25) is duality invariant,
hence performing a duality on the supersymmetric solution (93) we obtain again a solution
of the supergravity equations; however the duality breaks the supersymmetry of the solution
because the Killing spinor equation is not duality invariant, and the condition (34) does not
hold anymore.
Inserting (93) into the extremality condition (13), we obtain the relation
m2 = ℓa
(
1 +
a
ℓ
)4
; (95)
the configurations that satisfy the latter equation are hence possibly supersymmetric ex-
tremal black holes, which carry electric charge and rotate. Expression (93) essentially coin-
cides with the Bogomol’nyi bound found by Kostelecky´ and Perry [16], emerging from the
susy algebra. However, we stress the fact that supersymmetry requires a vanishing magnetic
charge in this case; the authors of [16] missed this condition in their paper. The reason for
this is that the supersymmetry condition given in [16] is necessary, but not sufficient. If one
derives the Bogomol’nyi bound from the superalgebra, one additionally has to satisfy the
Witten equation [24] (see also [25,26]) on a three-dimensional spacelike hypersurface Σ,
(4)∇ˆmǫ = 0, (96)
in order to assure the existence of Killing spinors. Here (4)∇ˆm is the projection into Σ of
the four-dimensional supercovariant derivative ∇ˆm (32), and ǫ is a spinor field obeying the
fall-off condition
∇ˆmǫ = O( 1
r2
). (97)
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Now a priori it is not evident that (96) possesses a solution in the case under consideration
(although a unique solution may exist in simpler cases, cf. [24,26] for a discussion), and
we expect that the condition for (96) to have a solution will be just the vanishing of the
magnetic charge.
Let us now return to the conditions (92). In the other case, m = 0, we obtain a supersym-
metric solution with
q2m =
ℓ2
4
(
1− a
2
ℓ2
)2
, (98)
which describes supersymmetric naked singularities, as can be seen from the function
∆r =
[
r2
ℓ
+
ℓ
2
(
1 +
a2
ℓ2
)]2
+ q2e . (99)
This solution was not obtained in [16]; it is the spherical analogue of the rotating solitonic
membrane desribed by (87). However, in the latter case we have an event horizon for qe = 0,
whereas for spherical topology the singularity is naked.
Summarized, we can state that in order to get extremal supersymmetric Kerr-Newman-
AdS black holes, we must allow the holes to carry angular momentum, for in the static
case all the supersymmetric configurations are naked singularities. Besides, the extremal
supersymmetric holes carry electric charge only, making the result of Kostelecky´ and Perry
more precise.
VI. SUMMARY AND DISCUSSION
In the present paper we considered four-dimensional asymptotically AdS dyonic black
holes with various topologies in the context of gauged N = 2 supergravity. For toroidal
or cylindrical topology, all static configurations preserving some amount of supersymmetry,
are naked singularities, a behaviour common from the spherical Reissner-Nordstro¨m-AdS
case studied previously by Romans. However, for black holes whose event horizons are
Riemann surfaces of genus g > 1, we found an extremal supersymmetric black hole carrying
purely magnetic charge, and admitting a one-(complex) dimensional solution space of Killing
spinors. As we have seen, this solitonic object possesses also a rotating generalization,
whose analogue in the Kerr-Newman-AdS case represents a naked singularity. However, for
cylindrical or spherical topology, extremal supersymmetric black holes carrying only electric
charge, can appear for nonvanishing angular momentum. Hence, in these cases, solitonic
black holes must rotate. This is in agreement with the Kerr-Newman-AdS result of [16],
emerging from considerations of the superalgebra. Yet, the authors of [16] did not obtain
the condition of vanishing magnetic charge for these BPS states, so we have made more
precise the Bogomol’nyi bound found in [16]. The rotating supersymmetric states with
purely electric charge, appearing for cylindrical or spherical topology, have no analogue for
the rotating generalizations of the higher genus solutions.
Summarized, we can state that admitting unusual black hole topologies, and allowing the
holes also to carry angular momentum, can lead to a new variety of states preserving some
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supersymmetry. It would be very interesting to understand the Bogomol’nyi bounds, found
for unusual topology, in terms of the superalgebra. However, this requires a careful definition
of the mass and angular momentum of these rotating black configurations. As such a
definition is a rather delicate question [21] 4, the mentioned enterprise becomes a nontrivial
task, which we leave for future investigations.
All the metrics considered in this paper, are special cases of the most general known Petrov
type D metric found by Plebanski and Demianski [27], and probably this metric can lead
to other black configurations hitherto unknown. Therefore it would also be interesting to
investigate, under which conditions this most general type D metric admits Killing spinors.
Another future line of research would be to look for similar supersymmetric black hole
solutions with unusual topology in the context of gauged N = 4 supergravity [28]. As was
shown recently by Chamseddine [29] and Chamseddine and Volkov [30], gauged N = 4
SU(2) × SU(2) supergravity in four dimensions can be obtained by compactifying N = 1
supergravity in ten dimensions on the group manifold S3×S3, and hence can also be obtained
by compactifying N = 1 supergravity in eleven dimensions, which is the low energy limit
of M-theory, the most promising candidate for a theory unifying gravity with the other
fundamental interactions. This connection would it make possible to lift the supersymmetric
black hole solutions of gauged N = 4 supergravity to ten or eleven dimensions, and thus to
regard them as BPS solutions of string theory or M-theory. Viewed in this larger context, the
black holes eventually would be accessible to a microscopic interpretation of their entropy,
using the tools of string-/M-theory, like D-brane technology.
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APPENDIX A: VIERBEIN AND SPIN CONNECTION
In this section we give the choice of the vierbein and the spin connection used in this
paper for the charged rotating AdS black objects. They solve the first Cartan equation
dea + ωab ∧ eb = 0. Setting a = 0 in these equations, one recovers the vierbein and the spin
connection for the nonrotating black holes.
4In particular, for the rotating black membrane solution (14), the total mass and angular momen-
tum are infinite. If one tries to define conserved quantities per unit brane-volume, as it is usually
done for p-branes, they will depend on the coordinate θ on the membrane, and hence they are not
constant.
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1. Kerr-Newman-AdS Black Hole
One choice of the vierbein for the Kerr-Newman-AdS black hole (8) is given by
e0 =
√
∆r
Ξρ
(dt− a sin2 θdφ), e1 = ρ√
∆r
dr, (A1)
e2 =
ρ√
∆θ
dθ, e3 =
√
∆θ sin θ
Ξρ
(adt− (r2 + a2)dφ). (A2)
This implies the spin connection
ωt
01 =
1
2Ξρ4
[
ρ2∆′r − 2r∆r + 2a2r sin2 θ∆θ
]
, (A3)
ωφ
01 = −a sin
2 θ
2Ξρ4
[
ρ2∆′r − 2r∆r + 2r(r2 + a2)∆θ
]
, (A4)
ωφ
02 = −a
√
∆r∆θ
Ξρ2
sin θ cos θ, (A5)
ωr
03 =
ar sin θ
ρ2
√
∆θ
∆r
, ωθ
03 = −a cos θ
ρ2
√
∆r
∆θ
, (A6)
ωr
12 = −a
2
ρ2
√
∆θ
∆r
sin θ cos θ, ωθ
12 = − r
ρ2
√
∆r
∆θ
, (A7)
ωφ
13 =
r
√
∆r∆θ
Ξρ2
sin θ, (A8)
ωt
23 = − a
2Ξρ4
[
ρ2∆′θ sin θ + 2(r
2 + a2)∆θ cos θ − 2∆r cos θ
]
, (A9)
ωφ
23 =
1
2Ξρ4
[
ρ2(r2 + a2)∆′θ sin θ + 2(r
2 + a2)2∆θ cos θ − 2a2∆r sin2 θ cos θ
]
. (A10)
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2. Rotating Generalization of the g > 1 Charged Topological Black Hole
One choice of the vierbein for the rotating generalization (14) of the charged AdS black
hole of genus g > 1 is given by
e0 =
√
∆r
Ξρ
(dt + a sinh2 θdφ), e1 =
ρ√
∆r
dr, (A11)
e2 =
ρ√
∆θ
dθ, e3 =
√
∆θ sinh θ
Ξρ
(adt− (r2 + a2)dφ), (A12)
leading to the spin connection
ωt
01 =
1
2Ξρ4
[
ρ2∆′r − 2r∆r + 2a2r sinh2 θ∆θ
]
, (A13)
ωφ
01 =
a sinh2 θ
2Ξρ4
[
ρ2∆′r − 2r∆r − 2r(r2 + a2)∆θ
]
, (A14)
ωφ
02 =
a
√
∆r∆θ
Ξρ2
sinh θ cosh θ, (A15)
ωr
03 =
ar sinh θ
ρ2
√
∆θ
∆r
, ωθ
03 =
a
ρ2
√
∆r
∆θ
cosh θ, (A16)
ωr
12 =
a2
ρ2
√
∆θ
∆r
sinh θ cosh θ, ωθ
12 = − r
ρ2
√
∆r
∆θ
, (A17)
ωφ
13 =
r
√
∆r∆θ
Ξρ2
sinh θ, (A18)
ωt
23 = − a
2Ξρ4
[
ρ2∆′θ sinh θ + 2(r
2 + a2)∆θ cosh θ + 2∆r cosh θ
]
, (A19)
ωφ
23 =
1
2Ξρ4
[
ρ2(r2 + a2)∆′θ sinh θ + 2(r
2 + a2)2∆θ cosh θ − 2a2∆r sinh2 θ cosh θ
]
. (A20)
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3. Charged Rotating Cylindrical Black Hole
The vierbein used is this paper for the charged rotating cylindrical black hole (19) is
e0 =
√
∆r
ρ
(dt+ aP 2dφ), e1 =
ρ√
∆r
dr, (A21)
e2 =
ρ√
∆P
dP, e3 =
√
∆P
ρ
(adt− r2dφ), (A22)
which yields the spin connection
ωt
01 =
1
2ρ4
[
ρ2∆′r − 2r∆r + 2ra2∆P
]
, (A23)
ωφ
01 =
1
2ρ4
[
ρ2aP 2∆′r − 2raP 2∆r − 2r3a∆P
]
, (A24)
ωφ
02 =
aP
√
∆r∆P
ρ2
, (A25)
ωr
03 =
ar
ρ2
√
∆P
∆r
, ωP
03 =
aP
ρ2
√
∆r
∆P
, (A26)
ωr
12 =
a2P
ρ2
√
∆P
∆r
, ωP
12 = − r
ρ2
√
∆r
∆P
, (A27)
ωφ
13 =
r
√
∆r∆P
ρ2
, (A28)
ωt
23 = − a
2ρ4
[
ρ2∆′P − 2a2P∆P + 2∆rP
]
, (A29)
ωφ
23 =
1
2ρ4
[
ρ2r2∆′P − 2a2r2P∆P − 2a2P 3∆r
]
. (A30)
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APPENDIX B: REAL REPRESENTATION OF DIRAC MATRICES
A real representation of Dirac matrices can be obtained by applying a unitary transfor-
mation U to the standard representation (here denoted by γ′a):
γa = U
−1γ′aU, (B1)
where the transformation matrix U is given by
U =
1√
2
(
1 σ2
σ2 −1
)
. (B2)
(The σi denote the standard representation of the two-dimensional Pauli matrices, i. e. σ3 =
diag(1,−1) etc.). Using this, one obtains
γ0 =
(
0 −iσ2
−iσ2 0
)
, γ1 =
( −σ3 0
0 −σ3
)
,
γ2 =
(
0 −iσ2
iσ2 0
)
, γ3 =
(
σ1 0
0 σ1
)
, (B3)
γ5 = γ0123 =
(
iσ2 0
0 −iσ2
)
.
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